Il. Provability, quotient theories
and corresponding topologies (presentation by L. Lafforgue)

Reminder of the uses already made of the notion of provability:

o To define morphisms of syntactic categories:
These are the formulas
o 0(%.7) -
O (X) —2 P(7)

which are “T-provably functional” in the sense that

¢z (3¥)6(X,Y) . e .
X R in the theory T under consideration.
0(X,y) AN O(X,y') U

o To define the objects of Cartesian syntactic categories:
These are the formulas of the form

@(X) = (3Y)(X,Y)
where 1 is a “Horn formula” such that
VXS Y)AOX Y ) Frgg Y=V
is provable in the theory T under consideration.
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o To define the notion of quotient theory:
A (first-order geometric) theory T’
is a “quotient” of a theory T
if it has the same signature
and if any axiom of T is provable
from the axioms of T".

o To define the notion of syntactic equivalence:
Two (first-order geometric) theories
with the same signature
are said to be “syntactically equivalent”
if each is a quotient of the other,
that is, if any axiom of one
is provable from the axioms of the other.
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-
What does “provable” mean?

Note. —

So far we have used
the notion of “provable”
without specifying its meaning.

Definition. —

Let X be a signature.
Let T be a first-order geometric theory
of signature L, defined by a family of axioms

eiEv;, iel.
Then a property linking geometric formulas ¢, of £

e

is said to be ‘provable” in T or “T-provable”
if it can be deduced from the axioms of T
by the “inference rules of geometric logic”.
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The essential characteristics of inference rules:

e The “rules of inference” of geometric logic

are common to all first-order geometric theories.
e They are such that,

for any signature X

and for any X-structure M in a topos &

which satisfies a family of axioms

e, iel,
then M also satisfies any property

oY
which is deduced from these axioms by the “rules of inference”.

e Conversely, if T is a geometric theory of signature X,
defined by axioms @; -, i € I,
then the “universal model” My of T in the classifying topos &t
satisfies a property ¢ - ¥
only if it follows from the axioms
by the rules of inference.
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The exhaustive list of inference rules
of geometric logic:

(1) The cut rule. —
Two properties of the form
e1hz @2 and @2tz @3
imply the property
¢1Fz @3.

Verification. —

This rule is valid in any topos &
because if three subobjects

E;, E>, E3 of an object E of £
satisfy the _inclusion relations
Ey CE and E; C Es,

then they also satisfy

E, C E;s.
y
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(2) The rule of identity. —
For any term f, the property
Thef=f

is an implicit axiom of any theory.

Verification. —

This rule is valid in any topos &,
because for any morphism of £

f:E— E',
the fiber product associated with the diagram
E
lfxf
E'C2s FE' xE
is the total subobject E of E.
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(3) The rules of equality. —
e Aproperty of the form T 3 f1 = f
is equivalent to the property T b3 fo = fi.
e Two properties of the form
Tk fi=65 and Tk h=1f
imply the property
Thxfi=1f.

Verification. —
These rules are valid in any topos &
because, for all morphisms of £

E'SE', E2yE'  [resp.and E 2 E']

the equality between morphisms f; = f, is equivalent to the equality £, = fi,
and the equalities of morphisms

f1 = fg and fg = f3

imply the equality

fi=10.
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(4) Substitution rules. —

o Iffy, f, are two terms with the same context X,
and f], f; are two terms
deduced from fy, f> by substitution of a term f for a variable
[resp. deduced from a term f by substitution of f; and f, for a variable],
then the property

THh=h

implies the property
THf=£.

o Iffy, f, are two terms with the same context X,
if R is a relation
and if Ry, Ro are the two relations deduced from R
by substitution of f; and f. for a variable,
then the property

Trxh="F
implies the properties
Ri+-R: and R.t+ Ry (denotedby Ry i+ Rs).
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Verification. —
e The first of these rules is valid in any topos £
because, for all morphisms of £
ESyE, E2E
and ; .
Ecn — E [resp. E’"— E{],
the equality between morphisms

implies the equality h=t

f10f=f20f [resp. fOf1:fOf2].

e The second of these rules is valid in any topos £

because, for all morphisms of £

EfE, EL2E
RC——FE'
the equality between morphisms
fi=5
implies the equality of the pull-back subobjects
fT'"R=1"R in object E.
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(5) The rules of finitary conjunctions. —
e For any formula o in a context X, the property
oFzT
is an implicit axiom of any theory.

e For any finite family ¢+, - - - , @k of formulas with the same context X
and for any formula ¢ of context X, the property

©Fg @1 /A Ak
is equivalent to the family of properties
¢ Fx ¢, 1<i<k.

Verification. —
These rules are valid in any topos £ because,
for any subobject E’ of an object E of £, we have

e E’is contained in the total subobject E of E,

e E’is contained in subobjects E,--- , Ex of E
if and only if it is contained
in their intersection E; A - - - N Ek.
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(6) The rules of disjunctions. —
e For any formula o in a context X, the property
LFzo
is an implicit axiom of any theory.
e For any family of formulas (¢;);c; in the same context X,
and for any formula ¢ of context X, the property
Veoitzo
iel
is equivalent to the family of properties
oitxe, i€l

Verification. —
These rules are valid in any topos £ because,
for any subobject E’ of an object E of £, we have

e E’ contains the empty subobject () of E,

e E’ contains subobjects E;, i € I, of E
if and only if it contains
their union \/ E;.
i€l

)
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(7) The distributivity rule. —
For any formulas ¢ and o;, i € I, with the same context X,

the equivalence
VAAVETE SRV
i€l i€l

is an implicit axiom of any theory.

Note. —
The reverse part of this equivalence

Veoneitz oA\ o

follows from (5) and (6). '€/ icl

Verification. —

This rule is valid in any topos £ because,
for any subobject E’ of an object E of &,
the intersection functor with E’ in E

E//\OZE/ XE®

respects both limits and colimits,
so also unions of subobjects.

.
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(8) The rule of existential quantification. —
For any disjoint contexts X and y,
any formula ¢ of context X, y
and any formula\ of context X,
the property

is equivalent to the property
FY)erzb.

Verification. —
This rule is valid in any topos £ because,
for any morphism of £
p:E — E
and for any subobjects
Ec——E and E;——E',
the inclusion relations between subobjects

E;Cp 'Eh=E' xgEy inE’

and
Im(E, - E'5E)CE inE

are equivalent.
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(9) The Frobenius rule. —
For any formula ¢ of context X, y
and any formula\» of context X, as in (8),

the equivalence . .
9 (37) 0 A -z 37 (@A)
is an implicit axiom of any theory.

Note. —
The reverse part of this equivalence
ENeAY) Fz FY) e AW
follows from (5) and (8).
Verification. —
This rule is valid in any topos £ because,
for any morphism of £ DHET
and for any subobject Eg — E,
the fiber product functor

E() XE®

respects both limits and colimits,
therefore also the images by the morphism p: E’ — E.
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Geometric logic and its fragments:
Definition. —

(i) We call geometric logic (of first order)
the list of rules of inference (1) to (9) from the previous pages.

(ii) We call coherent fragment of this logic
the list deduced from the previous one
by limiting rules (6) and (7)
at the finitary disjunctions @1\ - - -V @.
(iii) We call regular fragment of this logic
the list deduced from the previous one
forgetting rules (6) and (7).

Remark. —
If T is a coherent [resp. regular] theory,
then a property linking coherent [resp. regular] formulas

O Al

is provable in T in the sense of geometric logic
if and only if it is in the sense of coherent logic [resp. regular logic].

L. Lafforgue Grothendieck topologies, Il February 2022  15/47




The semantic expression of provability:

Theorem. —

Let T be a geometric theory [resp. coherent, resp. regular theory]
of signature ¥.

Then a property linking geometric formulas

[resp. coherent, resp. regular formulas] of *

ez

is provable in T

in the sense of geometric logic [resp. coherent, resp. regular logic]
if and only if it is verified

by any model M of T

in any topos €.

Remark. —
This theorem implies the previous remark.
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Partial proof:

Direct sense:

This results from the verifications made
following the statements of the rules of inference
of geometric logic.

Reverse direction:

Let Cr be the geometric syntactic category

[resp. coherent, resp. regular syntactic category] of T,
endowed with its syntactic topology Jr.

Then the conclusion follows from the following facts:

o It suffices to prove that a property

CR Al
is provable in T
if and only if it is verified
by the universal model Mr of T in

.
ér=(Crly -
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e Such a property ¢ k5 ¥
is provable in T
if and only if, in the category Cr, the two subobjects

e(X) —— T(X) and  P(X) ——= T(X)
satisfy the inclusion relation

@(X) CV(X)
that is, if and only if the monomorphism

(@ AP)(X) —— o(X)
is an isomorphism.

e The syntactic topology Jr of Cr is subcanonical.
In other words, the canonical functor

0: qu — 511‘
is fully faithful.
In particular, a morphism of Cy is an isomorphism
if and only if
its image by £ is an isomorphism.
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-
Completeness or incompleteness of set-based models:
Question. —
For a geometric property

@z
to be provable in a theory T,
is it enough that it is verified by set-based models of T ?

Answer. —

e Not in general:
Many non-trivial topos have no points.

e Yes if T is a coherent theory,
and if we suppose that the category of sets

Set

satisfies “the axiom of choice” (which is not constructive):
“Any epimorphism of Set admits a section.”

This is the “completeness theorem” of Gddel.
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-
Semantics of quotient theories:

Lemma. — Let T be a geometric theory, T’ a quotient theory of T.
Then:
(i) The syntactic category Cr of T
is sent canonically to the syntactic category Ct. of T’.
It has the same objects.

(ii) For any topos &,

T’-mod(&)
is a full subcategory of

T-mod(&) .

T’-mod(€£) — T-mod(&)
define a topos morphism

(iif) The embeddings

511'/ — 5’]1‘
whose pull-back component extends the canonical functor

C’]r HCT/ .

For the proof. — (i), (ii) and (iii) are consequences of the fact that
any property provable in T is provable in T'.
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The “duality theorem”
between quotient theories and subtoposes:

Theorem. —

Let T be a geometric theory.
Then:

(i) For any quotient theory T’ of T,
the associated topos morphism

511*/ — 511‘
is an embedding.

(i) The map

T/ — (g']r/ G 511‘)
defines a bijection between

e the set of equivalence classes
of quotient theories T’ of T,

e the set of subtoposes of Er.
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For the proof of this duality theorem:

Let Cr be the geometric syntactic category of T,
Jr its syntactic topology.

It is enough to show:
Proposition. —

(i) For any quotient theory T’ of T,
there exists a topology Jr: of Ct containing Jr
such that the morphism Et. — Er
induces an isomorphism

Err — (Cr)yy -
(i) The map
TI — qu/
defines a bijection between
e the set of equivalence classes
of quotient theories T’ of T,
e the set of topologies J of Cr which contain Jx.
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-
Constructive description of the
correspondence between quotient theories and topologies:

The two applications in opposite directions are constructed as follows:
Definition. —

(i) We associate to any quotient theory T’ of T the topology on Ct

Jrr 2 Jr
generated by Jr and the coverings

(@ AP)(X) —— o(X)
indexed by the axioms of T’

oz U
which are not axioms of T.

(i) We associate to any topology J of Ct containing Jr
the quotient theory T, of T

defined by the axioms of T completed with the axioms

¢ Fx \/(3%) 0:(%, X
iel
indexed by the J-covering families of morphisms of Ct

(0;(Xi, X) : @i(Xi) — @(X))ies -
Grothendieck topologies, Il
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Match check:

These are the two parts of the following lemma:
Lemma. —
(i) For any quotient theory T' of T, the theory
Ty.,

associated with the topology Jr: © Jr defined by T’
is equivalent to T".

(ii) For any topology J of Cr containing Jr,
the topology

Jr,
defined by the quotient theory T, of T associated with J is equal to J.

For the proof. — We have to prove

. T,., is a quotient of T”,
for (i) that {T’ is a quotient of T ,,

. JCJp,,
for (i) that {JTJ c j
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Verification of the first part of (i):
any axiom of T’ is provable in T, .

Consider an axiom of T’
ez .
Then the monomorphism of Cy
(@ AP)(X) —— o(X)
is covering for the topology Jr-.

So the property
oz oAV
is an axiom of the theory T, .

However, it is equivalent to the property

@Fz.
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Verification of the second part of (i):
any axiom of T, , is provable in T".

o By definition, the topology Jr- is generated
by the covering morphisms

(@ ANP)(X) —— o(X)

indexed by the axioms ¢ 3 1 of T'.

e We are therefore reduced to proving that the collection of
families of morphisms of Cr

(8i(Xi, X) = @i(Xi) — @(X))ies

such that the property . Lo
¢z \/(3X)0,(%, %)
iel
is T'-provable,
is stable under base change and under transitivity.

L. Lafforgue Grothendieck topologies, Il February 2022

26/47



-
Stability by base change:

Let us therefore consider a morphism of Cr

- —

0(y,X) 1 W(y) — @(X).
If the property
¢z \/(3%)0,(%, %)
iel
is provable in T’,
so is the property

-y VER)ER) (0:(%, %) AB(F, %))
iel

since the property
Y 5 (3X)(0(Y, X) A @(X))
is provable in T and a fortiori in T".
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Stability by transitivity:
Consider a second family of morphisms of Cr
(67 (¥, X) = (y)) — @(X))jer
such that, for any index i € |,
the family which is deduced by the base change morphism
0; (Xn X): (P/(Xl) (P()_(')

satisfies the condition that the associated property

@i s '\///(3 ¥i)(3X) (6 (), X) N\ 0;(X;, X))
is provable in T"'. "
For any such i € I, the subobject 8,(X, V) — @;(X;) x @(X)
projects on ;(X;) by an isomorphism, and therefore the property

0i -z V (3Y)(8](y), X) N\ 0;(X;, X))

/EI’
is provable in T'. As
@z V(3X)6(X;, X)
i€l
is provable in T’, so are T’-provable
eFz V VEX)E0/(,X)N0i(X, X)) and @z \V (35) 0, X).
icl jel’ jel
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Verification of the first part of (ii):
the topology J is contained in the topology Jr,.

Consider a J-covering family of morphisms of Cy

(8:(X;, X) = @i(X;)) — @(X))jes-
So the property
@ bz V(3 X)6i(%,X)
i€l
is an axiom of T,
therefore the monomorphism of Cr

X) N\ V(3 %) 6i(Xi, X) —— o(X)
iel
is covering for the topology Jr,.
However, the family of morphisms of Cr

(0 (Xiry X) : @ir(Xi1) — V( 3X) e'(}i»}))i’el
iel
is covering for the topology Jr, 2 Jr,

hence also the family of morphisms

(8;(X;, X) = @i(Xi) — @(X))ies -
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Verification of the second part of (ii):
the topology Jr, is contained in the topology J.

By construction, Jr, is the topology generated on Jr C J
by the monomorphisms of Cr

e(X) A\ (3X)0;(%,X) — ¢(X)
iel
associated with the families of morphisms of Cr

(6i(Xi, X) : @i(Xi) — @(X))ies
which are J-covering
or, which comes to the same thing,
are such that the associated monomorphism

/\\/ X)) 0;(X, X) —— @(X)
iel

is J-covering.

‘ This ends the proof of the theorem. ‘
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The general question of making explicit the correspondence
between topologies and quotient theories:

Let us consider in general
e a (small) site (C,J),
e ageometric theory T,
e an equivalence of toposes
C;— &r.

Fact. —
We already know that such an equivalence
induces a bijection between

e the set of topologies J' of C containing J,

e the set of equivalence classes
of quotient theories T’ of T.

Question. —
Is this bijection constructive?
Can we make it explicit?
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Program to handle this issue:

— Given
e a(small) site (C,J),
e ageometric theory T,

concretely describe the morphisms of toposes
é:/ —€&r.

— Exhibit necessary and sufficient conditions
so that such a morphism of toposes

é\J—)(‘:’[[‘

is an equivalence.
— Given such a concretely defined morphism
é\J — &7
which satisfies the conditions to be an equivalence,

describe explicitly and constructively
the induced bijection between

e the topologies J' D J of C,
e the quotient theories T’ of T, up to equivalence.
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Description of the morphisms from a topos of sheaves
to a classifying topos:
e |f My is the universal model of T in &r, the functor
@ UL En)— My
is an equivalence
- from the category of topos morphisms
C)— &Er
- to the category of models of T in Cy
T-mod(Cy) .
e If X is the signature of the geometric theory T,
T-mod(C,)
is the full subcategory of that of Z-structures
-str(Cy)

consisting of the £-structures of C,
which are models of T i.e. satisfy its axioms.
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Description of models in a topos of sheaves:

o A Z-structure in C, is an application M that associates
— to any “sort” A of X a presheaf
MA: C°® — Set which is a J-sheaf,

— to any “function symbol” f: A, --- A, — B

a sheaf morphism i.e. presheaf morphism

MA; x - x MA, 2 MB,
— to any “relation symbol” R — A; - - - A, a sub-presheaf
MR — MA; x --- x MA, which is a J-sheaf.

e Any geometric formula ¢ of £ of context X = x{" - .- x/

interprets in any Z-structure M of C,
as a sub-presheaf

Me(X) — MA; x --- x MA, which is a sheaf.
e A X-structure M of @ is a model of the theory T
if, for any axiom ¢ 5 1\ of T of context X = xf“ . -x,f‘",

we have the inclusion relation between sub-presheaves of
MA{ x --- x MA,

Mo(X) € M(X).
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Explanation of the interpretation of geometric formulas:

e The interpretation of the geometric formulas of a signature X requires

(1)

to form products and compose morphisms
to interpret terms,

to form fiber products to interpret atomic formulas,

to form fiber products of subobjects
to interpret the symbols N

to form images of morphisms E’' — E
i.e. colimits of diagrams

E'xgE' = E’
to interpret the symbols 3 |

to form unions of subobjects E; — E
i.e. colimits of diagrams
]_[ Eixe Ej= ]_[ E;

to interpret the symbols V or \/
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Interpretation in presheaves:

e Thus,

— the interpretation of (1), (2) and (3),
i.e. atomic formulas and Horn formulas,
is done in terms of composition of morphisms and finite limits,

— the interpretation of (4) and (5),
i.e. regular, coherent or geometric formulas,
is done in terms of finite limits and arbitrary colimits.

e In the topos C of presheaves C° — Set,
these interpretations are made component by component
since the evaluation functors at the objects X of C

cC — Set,
P — P(X)

respect both limits and colimits.
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Interpretation in sheaves:

e The embedding functor
jo:Cy —= C
respects limits, while the sheafification functor
j* g 5—> é\J
respects finite limits and colimits,
and the composite j* o j, identifies with idg,-
e Therefore,
— the interpretation of (1), (2) and (3),
i.e. of atomic formulas and Horn formulas,
is the same in C, as in C
therefore is realised component by component,
— the interpretation in C, of (4) and (5),
i.e. of regular, coherent or geometric formulas,
is done in two steps:
firstin C, i.e. component by component,
then by applying the sheafification functor
_/'”< : 8 — é:j .
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Under what conditions is a model universal?

We consider a model M of T in C,
which corresponds to a topos morphism

é\J — 5’]1‘ .
Question. — Under what conditions is the morphism

. CJ — &7
an equivalence ?

Situation. — &1 can be constructed as the topos of sheaves on
where (Cr, Jr)

e Cr is the syntactic category in a fragment of logic which can be
geometric in the general case of a geometric theory T,
coherent if T is a coherent theory,
regular if T is a regular theory,

Cartesian if T is a Cartesian theory,
e Jr is the syntactic topology of
geometric [resp. coherent, resp. regular, resp. discreet] type.
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First necessary condition:

For the model M of T in C, to be universal, the following is necessary:

Condition (A). — Going through the family of objects of Ct i.e. of formulas
©(X) inacontextX = x{" - xpn

which are geometric

[resp. coherent, resp. reqular, resp. T-cartesian],
the family of their interpretations in M

Mo(X) ——— MA; x --- x MA,
must be separating as a family of objects of C,.
Remarks. —
(i) This means that for any pair of morphisms of C
f

X—=Y

g
whose images by {: C — a, are distinct,

there must exist a formula ¢(X) and a morphism Mg (X) — ¢(X)
such that £(f) o m # €(g) o m.

(ii) In (i), we can replace the Mo (X)

by the interpretations of the ¢(X) in C.
Grothendieck topologies, II February 2022
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Second necessary condition:

For the model M of T in C, to be universal, the following is necessary:
Condition (B). — For a family of morphisms of Cy
0;(Xi, X) : (X)) — @(X)
to be Jr-covering, (it is necessary and) it suffices that the image morphism in
7 [IMei(X;) — Me(X) be an epimorphism.
i€l -
Remarks. — “
(i) The image morphism is an epimorphism when
M (X) is the transform by j* of the presheaf
0b(C) 3 X +— U Im(Me;(X;)(X) — Me(X)(X)).
iel
(ii) Such a family of morphisms of Cr is Jr-covering when
e in the geometric case
oz V (3X)0;(X;, X) is T-provable,
i€l
e in the coherent case, there exists ij, - - - , i, € I such that
P I_)? (3)_(',1 ) eI'1 ()_(71 ) )_(’) VeV (El)_('/n) ein()_('in) )_(’) is T_provable!
in the regular [resp. Cartesian] case, there exists iy € / such that
¢ Fx (3X;,) 6, (X, X) is T-provable,
(XIU)X)

0
[resp. the identity of ¢ (X) factors through ¢, (X,) ————— @(X)].
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Third necessary condition:

For the model M of T in C, to be universal, the following is necessary:
Condition (C). — For any pair of objects of Cr
_e(X)  and  W(y),
and for any morphism of C; between their interpretations in M
Me(X) == Mp(y),
there must exist a Jr-covering family of morphisms of Ct
ei()?ivx’):(?/()_(})—)(p()?)a iGI,
and a family of morphisms of Ct
6/(X ¥) : @i(Xi) — W(y), i€l
making commutative the triangles of C,:
Me;i(Xi)
J{ Mo/
Me;

Mg (X) —— M (¥)
Note. — To check the commutativity of these triangles, it is enough
to evaluate the sheaves M (), Mo (X) and Mo;(X;) at the objects X de C.
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Necessary and sufficient conditions:

For the model M of T in C, to be universal,
the previous necessary conditions are sufficient:

Proposition. —
In order for a model M of a geometric theory T

in the topos @ of sheaves on a site (C, J)
to define an equivalence of toposes

C, s &r,

it is necessary and it suffices that M verifies
conditions (A), (B) and (C) above.

Proof. —
We apply Corollary 5.11 of the prepublication:

O. Caramello, “Denseness conditions, morphisms
and equivalences of toposes” (2020).
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Topologies associated with a quotient theory:
We consider an equivalence of toposes

Cy— &r R
defined by a model M of T in a topos of sheaves C,.
Proposition. —
Let T’ be a quotient theory of T,
defined by adjoining to the axioms of T
extra axioms @; -, i € 1.
Let J’ the unique topology of C containing J
which induces an equivalence of toposes

é\J/ ;) g’]r/ o
Then J' is the topology generated on J by the sieves

Y(X) Xmp, M@ ANbj) —— y(X) (where y : C — C is Yoneda)
associated with
e axioms @, i€l
e objects X of C,
e elements of M@;(X) seen as morphisms of C
y(X) — Meo;.
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Remark. — The family of sieves

Y(X) xme, Mloi Abj)) —— y(X)
is stable under pull-back by the morphisms X’ — X of C.
It is therefore the same for its union with J.

To transform this union into the topology J’,
it suffices to form all the multicomposites of covering families.

Proof of the proposition. —
For a topology K of C containing J, the sheafification functor

5—) é\J — é\K
transforms into isomorphisms of Cx all embeddings of 5J
M(@i Nbj)) —— Mo,
if and only if all the sieves of the form
Y(X) Xmp, Mloi Abi) —— y(X)
are K-covering.

So J’ is necessarily the smallest of topologies K
that satisfy these conditions.
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Quotient theories that correspond to a topology:
We still consider an equivalence of toposes
C,— &r,
for a geometric theory T of signature X, R
defined by a model M of T in a topos of sheaves C,.

Proposition. — Let J’ be a topology of C that contains J.
Let T’ be a quotient theory of T such that the equivalence

C)— &r
induces an equivalence N
CJ/ ;—) 511‘/ .
Then a property linking geometric formulas of X
ez

is provable in T’ if and only if, for any object X of C

and any element of Mo (X) seen as a morphism ofC
y(X) — Mo,

y(X) xme Mo ANP) —— y(X)
is an element of J'.
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Proof. — The topos &7 is a subtopos of &t
i.e. they are related by a topos morphism

(ar LAY R A L &r)

which is an embedding in the sense that e, is fully faithful.
The functor e* transforms
the universal model of T in &r
into the universal model of T’ in &7/,
and it respects interpretations of geometric formulas.

A property o
P rxz

is provable in T’ if and only if the embedding of C; = &r
Mo ANp) —— Mo

is transformed by e* into an isomorphism of C;, = &p..
This amounts to requiring that for any object X of C
and any morphism y(X) — Mo,

the sieve

Y(X) xpe Mo ANp) —— y(X)
be an element of J'.
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Application to provability:

We consider as before an equivalence of toposes
C)— &r

defined by a model M of T in a topos of sheaves C,.

Corollary. — Let T’ be a quotient theory of T,
defined by adjoining to the axioms of T extra axioms
@i U, iel.
Then a geometric property of the form
CRaR)
is provable in T’ if and only if the sieves of the form
Mo ANp) xme Y(X) —— y(X)
can be obtained by multicomposition in C
of sieves of J and sieves of the form

M(@i A ) Xmg, YY) —— y(Y).

Proof. — It suffices to combine the two preceding propositions. )
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